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Nonlinear Flight Control Design via Sliding Methods
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Nonlinear inversion/sliding control techniques are applied to design a pitch axis control system for high-per-
formance aircraft. The control objectives are to track pilot g commands while satisfying flying quality specifica-
tions. In the pitch axis problem, the dominant nonlinearities are the aerodynamic coefficients variation with
angle of attack and saturation of the actuators position and rate response. Two design approaches are
investigated; the first defines a single output to be controlled (pilot’s normal acceleration) and coordinates the
elevator and the flaperon as a single input. The nonminimum phase nature of the resulting input/output pair
necessitates defining a modified output to avoid stability problems inherent in inversion methods. The second
approach defines a two input/two output problem and directly incorporates the flying quality specifications into
the output definition. These two methods are illustrated using a simulation model. The latter approach is shown
to allow more freedom to avoid actuator saturation at high g commands. ’

I. Introduction

HE dynamics of high-performance aircraft are highly

nonlinear, and. therefore control system designs are
severely limited by the necessity to linearize and decouple the
equations of motion in the development of state-space models.
The objective of ongoing research is to develop nonlinear
control designs that provide improved performance and re-
duce development time. In this paper, the application of non-
linear inversion techniques for pitch axis control of a high-per-
formance aircraft are discussed.

Conventional control designs are developed by assuming
that the system is at a specific operating point and by approx-
imating the system’s response by linear perturbation equa-
tions. In addition, longitudinal motion is assumed to be inde-
p_enderit of lateral motion, and therefore the equations can be
uncoupled and treated independently. This approach allows
the application of well-known linear control theory and ana-
lytic methods to provide insights into the early design phases.
The assumptions are valid only for commands that cause small
deviations from the defined operating point. Therefore multi-
ple linear designs are accomplished at selected points in the
flight envelope. If the design points are closely spaced, system
operation at ‘‘off’’ design conditions can be adequately ap-
proximated by linear interpolations between the existing point
designs. Thus, the multiple point designs can be collapsed into
gain scheduling within the linear design structure.

For high performance aircraft, this approach yields only a
starting point for the designer. A significant amount of pilot-
in-the-loop simulations must be conducted using high fidelity
nonlinear aerodynamic models to reach a realistic design.
Control system nonlinearities are added, and simulations with
actual flight hardware are accomplished prior to a final de-
sign. This is an expensive and time-consuming process requir-
ing multiple redesign efforts. In the process the original lin-
early developed gains and bandwidths are almost always
altered, with an attendant loss in expected performance. The
most significant areas requiring redesign activities include high
angle of attack nonlinearities, nonlinear actuator-surface re-
sponses due to actuator rate limiting and surface saturation,
and cross-axis kinematic and velocity coupling in the equa-
tions of motion.

Received Oct. 3, 1989; revision received March 6, 1990. Copyright
© 1990 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

*Professor of Mechanical Engineering.

tGraduate Student, Department of Mechanical Engineering.

There has been previous work involving the use of nonlinear
techniques for flight control: To mention a few, Garrard and
Jordan! used a nonlinear optimal control approach to the
contro! of the pitch axis dynamics. Meyer et al.? used nonlin-
ear transformations to achieve linearization of the aircraft
dynamics. Lane and Stengel® designed a controller that “‘de-
couples specific state variables that are of particular interest to
the pilot’’ by the use of nonlinear inversé dynamics. Recently,
Elgersma and Morton* used a controller based on ‘‘partial
dynamic inversion.’’ They computed the inverse dynamics of
as much of the nonlinear system as possible, ‘‘then studied the
stability of the uninverted part of the system.”” These works
concentrated on obtaining the inverse dynamics of the system
to control the outputs.

Two main problems arise in this context—the problem of
the zerodynamics and that of actuator saturation. Hauser et
al.’ have used an ‘“‘approximate linearization technique”’ to
handle the “‘slightly nonminimum phase’’ nature of VSTOL
aircraft dynamics. The undesirable zerodynamics is a typical
problem encountered in aircraft dynamics. Lane and Stengel®
avoid it by neglecting the forces generated by the control
surfaces. Lane and Stengel® also present a way of handling
actuator saturation in.the context of command variable inde-
pendence. Recently, Kapasouris et al.® have dealt with satura-
tion explicitly in linear systems by adjusting the desired trajec-
tories in a smooth manner.

Finally, the problem of robustness of the performance to
model errors and disturbances has not been discussed in detail
in most of these papers using inverse dynamics. White et al.”
applied the sliding mode control method to the lateral dynam-
ics of an aircraft, but they do not explicitly deal with the
sliding gains that ensure robustness properties.

In this paper, it is shown how the angle of attack nonlinear-
ities present in the aerodynamic coefficients can be directly
incorporated into the controller design using inversion tech-
niques, and how the performance can be made robust to
model errors by employing sliding controllers. We present a
methodology for treating undesirable zerodynamics and pre-
sent a method for incorporating the flying quality specifica-
tions directly into the design. '

The objective is to achieve high g commands (normal load
felt by the pilot) while satisfying flying quality specifications.
The flying quality is determined from the specifications on
two independent variables (related to the normal acceleration
and the pitch rate).

Two interesting design approaches are discussed based on
nonlinear inversion—a single sliding surface design and a dual
sliding surface design. In the first case, the output is the
number of g pulled, and the inputs are the elevator and the
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flaperon. Direct inversion gives excellent tracking but leads to
oscillatory behavior of the other states. Therefore an output
redefinition approach is used. Thus, tracking and flying qual-
ity specifications are satisfied by specifying the auxiliary dy-
namics through output redefinition. Another important idea
involved in this design is that the redundancy in the inputs is
taken advantage of in reducing the angle of attack.

In the dual sliding surface design, flying quality specifica-
tions are satisfied directly by using the variables for which the
specifications are given as the variables to be tracked.

I1. Aircraft Model

The aircraft is modeled as a rigid body subjected to aerody-
namic and actuator forces. The longitudinal speed of the
aircraft u is assumed to remain constant during the pitch axis
maneuver; it is assumed that this is achieved by continuous
adjustment of the throttle. The dynamic equations are ex-
pressed in a body-fixed reference frame. The simplified dy-
namic equations are

W= qu + g cos(d) — [L cos(@) + D sin(a)] /m )
g=M/lyy 0)
b=gq )]

The aerodynamic forces are given by
L=gs [C,o + Cile)a + Cp()(©/2V,)q + Cp 0, + Cis fo] 4)
D = gS(Cw + Caucx + Cy5,8. + Cd,sf(‘}f) &)}

M = gSe [c,,,o + Crol @)t + Crng (0)(E/2V)q + Crs 5,

+ Cos faf]
' ©
where 8, and &, are the elevator and flaperon angles and
g ="V} )
V, =N ®
tane = w/u 9

The u is the velocity of the aircraft along the body x axis, w the
velocity of the aircraft along the body z axis, and g the angular
velocity of the aircraft about the body y axis. The 6 is the angle
of the flight path (total velocity) with respect to the horizontal,
and « is the angle between the total relative velocity and the
body x axis. The mass and pitch moment of inertia are m and
I,,, respectively.
The actuator dynamics are modeled as

b0 = 20(us, — &) 10
6= 20(us, — &) (11)
This modeling neglects higher-order dynamics from the com-
manded inputs x5, ug; to the actual inputs u;,, u; 0 which is

given by the following transfer function

522
52+ (2)00.7)(52)s + 522

In addition to the nonlinearities seen in the coupling terms in
the equations of motion, the aerodynamic coefficients are
functions of the angle of attack. Figure 1 shows the functions
used in this paper. (A real aircraft would not have the sharp
breaks shown in Fig. 1.) The actuator saturation effects con-
sidered in this paper are given in Table 1.
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Table 1 Acutator saturation levels

Surface Maximum angle, deg Maximum rate, deg/s
Elevator 25 60
Flaperons 20 52

A, The g Command

An important maneuver is the fast pull up, and it is usually
translated as a g command. Specifically, the command is for
the aircraft to experience a desired normal load factor (NFL)
A,. This is the normalized force required along the normal
axis (in the body frame) to keep a unit mass moving with the
aircraft at some specified location in the aircraft. The normal-
ization is with respect to the weight of the unit mass. The NLF
at two relevant locations of interest are those at the pilot
station A4,, and at the center of gravity A,,. In this paper, the
NLF at the pilot station was chosen for tracking. This is
consistent with the specifications given for evaluating han-
dling qualities of the controller as seen by the pilot.

Ang= L cos(@)+D sin(@)] /(me) 12)

Apeg= —W/g +qu/q +cosb (13)
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Fig. 1 Aerodynamic nonlinearities at Mach 0.9, 20,000 ft.
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Fig.3 Normalized C*, dC"* response criterion.

App=Apg+1.9/8 (14)

where /, is the distance of the pilot station from the center of
gravity.

B. Performance Criteria

Various criteria have been developed with the idea of quan-
tifying the flying qualities of the controller, as seen and felt by
the pilot. Based on statistical research, criteria have been
developed in both the time and frequency domain. In this
study, time domain specifications are used.

The q Response Criterion

The response of the pitch rate g for a step input in the g
command is specified by the initial response, the maximum
delay, and the amount of oscillation from the steady state (see
Fig. 2). Note that at the beginning, the response has a positive
slope, that is, a nonminimum phase type of response would
not be acceptable. Further, the limitations on the oscillations
require that the system be well damped.

C*and dC* Response Criteria

C* is by definition a particular linear combination of the
incremental NLF at the pilot’s location and the pitch rate. It
has been found that if C* satisfies a particular response re-
quirement during a unit g command, the handling qualities are
satisfactory to the pilots. Similarly, there is a requirement on
the rate of change of C* with respect to time dC*

C*AAA,, +V.0q/g
where AA,,, is the incremental NLF at the pilot station and V¢

is defined to be 400 ft/s. Figures 3a and 3b show typical C*
and dC* specifications.
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II1. Single Sliding Surface Design

Sliding controllers and nonlinear inversion have been dis-
cussed in great detail in the control literature (for example, see
Fernandez and Hedricks® and Slotine®). In this paper the the-
ory is applied to the aircraft model, and several modifications
need to be made.

The output to be tracked is defined to be the NLF at the
pilot station A,,. The inputs are the actuator commands for
the elevator and the flaperon—u;, and u; »

Differentiating the output once,

Anp =J(@,q,0) + W+ g5, (s, + & (Jtls,

where f(a,q,0), 8,(a), and gaf(a) are nonlinear functions of
the corresponding states. The W represents the lumped effect
of the disturbances. To check for invertibility, write 8s,and g; 7
explicitly:

8,(2)=203S/q [(c,ae cosa + Cy, sina) + 1Xa/1yyc,,,59]
2,()=203S/q [(c,6 , cosa+ Cun Sine) + 12/ 1,Co,

For invertibility, &,(cr) and/or g, f(oz) need to be nonzero. This
condition can be written as

sin(gy, +a) 2 —Cimbe

5

¢ Ly NGCjs, +Cis,
lxi‘m Cma

sin(gs, + o) %~ — — e

I, ~ Cdaf +C; 8

where tan ¢; ACj /Cy and tan ¢;,ACj5,/Cas,. For the air-
. g oe=""e e .. = "°f ’4 .
craft considered, the condition for the elevatoris always satis-
fied, and is satisfied for the flaperon as long as o # 114 deg
or a # —111 deg. Since such angles of attack are not mean-
ingful, the system is always invertible.
To use the two inputs effectively, one can define gug,, é

8, (c)us, +g,5f(a)u5 7+ Then
Aﬂp =f(a,q,0) + g Ugy + W

where g = 1. The u,, is treated as the input, and one can

proceed with inversion and sliding control. The sliding surface

is defined as § =A,, —A,p4, and it is desired that S—0

independent of model errors and disturbances.
Differentiating S,

S = Anp _Anpd
or, ] )
S=f—Anpd + W+ By
Let the control be defined as
Uy = (Anpd _f(asq; 0)—-K sgn(S)/§
where * represents the estimate of the variable *, and K is
chosen based on the bounds on the disturbances and model

errors as follows.
Let the bounds be written as

lf—']"' WI =< Wiax
l7g—1<8

with 8=<1.
Then K is defined as

K = (Wmax + 77)/(1 _B) +B/(1 _ﬁ)(Anpd —f)

It can be easily seen that with this control, S§< —»;S;. Thus S
reaches zero in finite time and on the average remains equal to
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zero from then on, independent of the model errors and
disturbances.

However, there is a lot of chattering in the input, and this
directly gets reflected in the higher-order dynamics that have
been neglected. Therefore a smoothing boundary layer® is
employed. The new control law becomes

ttow = [Anpat ~F(e0,0) — K 5at(S/8)| /2

where sat(.) is the saturation function and ¢ is the boundary
layer. Outside the boundary layer this ensures SS< —n|S],
and thus the boundary layer is reached in finite time, and S
stays inside the boundary layer from then on. The dynamics of
S inside the boundary layer (for simplicity consider the case
when 8 =1, that is, there is no uncertainty on the term multi-
plying the input) is

1s)

Thus, inside the boundary layer the dynamics on the sliding
surface can be thought of as a first-order filter with bandwidth
K/¢. Therefore, by appropriately choosing K /¢, the effect of
chattering is eliminated, and the neglected higher-order dy-
namics are filtered.

The actual inputs are recovered from

= —KS/¢+ [(f—f)+ w]

Us, =Uou/8,*(1—¢€)
Us, = Uow/ s *€

where ¢ is a number from 0 through 1. The ¢ represents the
relative use of the flaperon with respect to the elevator. The
bound B can be obtained from the individual bounds on g;,
and g; ;s

B = B5,(1 —€)+Bse

A. Zerodynamics

The zerodynamics correspond to the dynamics of the unob-
servable part of the system when the output is held identically
equal to zero (see, for example, Byrnes and Isidori!%). Deter-
mining the zerodynamics usually involves a nonlinear coordi-
nate transformation and analyzing the unobservable part of
the transformed system under state feedback. It is well known
that for a controller based on inversion to be feasible, the
aerodynamics need to be stable; therefore the zerodynamics
have to be checked for stability. It is important to note that
““full state linearization’’? defines a system that has no zerody-
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Fig. 4 Comparison of simulations of direct inversion and inversion
through output redefinition — 6-gcommand.
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Table 2 Transfer function zeros
Zerog Zeroa €
—1.376 + 12.664i —1.376 — 12.664i 0
—4.945 +25.934i —4.945 —25.934 0.5
8.433 —8.109 1
Table 3 Transfer function zeros
Zero, Zerop € ki k2
—~12.09+1.73i —12.09-1.73i 0.0 0.78 1.0
—41.93 —7.47 0.5 0.78 1.0
21.672 —5.279 1.0 0.78 1.0

namics; however, finding such a transformation can be ex-
tremely difficult and the output of the linear system is gener-
ally a nonlinear function of the actual output. It is worthwhile
to look at the zerodynamics of the linearized system because it
not only provides information regarding the stability of the
zerodynamics, but also a better idea of the entire system
dynamics. The eigenvalues of the linearized zerodynamics are
precisely the zeros of the transfer function of the linearized
system, 12

Thus the zeros of the linearized system are calculated for
various values of e, the relative weighting factor of the eleva-
tor and the flaperon: there is a zero at the origin correspond-
ing to 68 =q. The other two depend on e (see Table 2).

The zerodynamics are not acceptable for any e because the
specifications on the two variables C* and g require consider-
able damping. That this is indeed true can be seen by consider-
ing the simulation of a 6-g pull-up in Fig. 4a—note the large
oscillations in the pitch rate. The simulations are for ¢ = 0.

Thus direct inversion is not a solution, and therefore a
modified output approach is developed.

B. Modified Output

A modified output A%, is defined so that tracking A%,
ensures acceptable zerodynamics by placing the zeros of the
linearized system corresponding to the modified output. Then
the reference trajectory for the modified output is chosen such
that good tracking of the actual output is obtained, up to a
definable set of frequencies.

Define A}, as

A%, = —kyw/g + qu/g + kxgle/q + cos(9)

Note the following: i

1) The preceding terms stand for the body frame accelera-
tion, centripetal acceleration, the body frame angular acceler-
ation, and the gravitational acceleration, relatively weighed by
kl, l, kz, and 1.

2) At steady state, w=0and ¢ =0, hence 4%, = A,,.

3) Whenk,=land kr =1, A% = A4,,.

This modified output is closely related to the actual output.
The zeros of the linearized system are given in Table 3. Notice
that with decreased k,, consistently better zeros are achieved
except when the flaperons are used alone (¢ = 1). The actual
choice of ¢, ki, k, is made based on 1) a tradeoff between «
and &, (the flaperons saturate fast, but provide significant lift),
and 2) the desired zeros. For the design, k; was chosen to be
0.78, and e was varied based on the reference so as to strike a
balance between the angle of attack and actuator saturation.

Physical Significance of the Modified Output

The modified output essentially demands more of the nor-
mal acceleration due to pitch rate (centripetal acceleration) as
compared with the direct lift. This means that the controller
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Fig.5 Single sliding surface design — response of the output NLF, the pitch rate, and the angle of attack (¢ = 0.081 for 3 g)(e = 0.5 for 6 g).

gives more importance to the moments created by the control
surfaces as compared to the forces (lift) generated by them.
This is interesting because it is a standard procedure in flight
control (see for example, Lane and Stengel®) to neglect the
forces created by the control surfaces, precisely for overcom-
ing the troubles associated with the nonminimum phase char-
acter of the system.

A sliding controller is used to achieve A%, = A%,. The
details are omitted here because they parallel the procedure
given in Sec. III.

Defining the Modified Desired Trajectory

The transfer function between A4,, and A%, based on the
linearized system is given by

NY(s)N“(s)
Np(s)

where N*(s) represents the undesirable zeros of the original
output, N¥s) the acceptable zeros of the original output, and
N, (s) the zeros of the modified output. During sliding,

Ay = A%y

NU(s)N(s)
Ay =———> A*
T Nas) ™
Define
ANR(SIN*(s)
Ar?;rd = N4(s) npd
then,

Anp = N“(S)N * (S)Anpd

It is a design issue to choose N *(s) so that good tracking is
achieved at the frequencies of interest. One good way is to
define N *(s) é N*(—5)/[(N*(0)}* wherein zero phase error
and near unity gain is ensured up to the frequencies deter-
mined by the undesirable zeros.

Figure 4 shows the improvement in the zerodynamics by
using the modified output. The corresponding loss in perfor-
mance of the actual output is minimal. Thus it is seen that very
good pull-up maneuvers can be achieved by using this output
redefinition approach. Section II1.C discusses the numerical
simulations obtained based on the complete model, including
the higher order dynamics and saturation.

C. Simulations with Single Sliding Surface Design

The Mach number was assumed to be constant (M = 0.9)
and the initial altitude for the 1-g trim condition was chosen to
be 20,000 ft.

Figure 4 shows the need for not doing direct inversion and
how, by redefining the output, good tracking and zerodynam-
ics are obtained. For the simulations in Fig. 4, saturation was
not considered. The reason is that if direct inversion is used,
the pitch rate oscillates so much that it constantly saturates the
actuator rates. In fact, this shows that another reason for
requiring good zerodynamics is to limit the control authority.

It is assumed that the pilot stick force can be interpreted as
a g command. The reference for the normal acceleration was
obtained by passing the g command through a second-order
filter whose characteristics are based on the specification for
C* and q.

Responses of the inputs and output, and the performance
criterion variables for g commands of 3 and 6, are shown in
Figs. 5-7. For the 3-g reference, ¢ was chosen to be 0.081. This
in effect means using very little of the flaperons. The flaperons
provide considerable lift. This implies that, for the same lift,
more control authority is requested from the flaperon as com-
pared to the elevator, and thus the flaperons quickly saturate.
Therefore a small € is chosen for a low reference such as 3 g so
that the flaperons can still be used at further incremental
commands.

For the 6-g reference, ¢ was chosen to be 0.5. Here one is
forced to increase the relative use of the flaperon to prevent
too high an angle of attack. As expected, more of the flaper-

~ons are used in this case (see Fig. 7) More important, the

flaperon rate saturates (Fig. 7). This effect does not show up

L5
Q ik ', il
. H 3g's
05p! -
0o 1 2 3

normalized dC*

ne (sec)

Fig. 6 Single sliding surface design — normalized response of C* and
dC*.
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Fig. 7 Single sliding surface design — control authority — time histo-
_ries of &, 87, 0., and oy; the dash-dot lines show saturation limits.

in the actual output; however, a slightly wavy behavior of the
pitch rate is seen (see Fig. 5). It is still within specifications at
this 6-g reference and so are C* and dC* (see Fig. 6).

The performance of the output A4,, (see Fig. 5) shows that
the modified output approach works well, despite the fact that
the modified reference trajectory was based on the linearized
transfer functions. The small tracking errors in the transient
(Fig. 5) are because of rate saturation in the elevator for the
3-g reference and rate saturation in the flaperon for the 6-g
reference (Fig. 7), which are consequences of choosing the
corresponding relative weights e.

The simulations include the complete model: the actuator
saturation and the higher-order dynamics. It is to be noted
that neglecting the higher-order dynamics can be conveniently
taken into account in the sliding controller design. In the
present case, one needs to avoid frequencies above 52 rad/s.
This can be done by limiting the bandwidth inside the
boundary layer to less than 52 rad/s. The bandwidth inside the
boundary layer is limited by K/¢ [Eq. (15)]. Thus by setting
K /¢ = 40 rad/s, one can ensure that the effect of the higher-
order dynamics is negligible; however, the tradeoff is that one
has more uncertainty, that is, if w,, is large, one is forced to
have a bigger boundary-iayer ¢ (larger tracking errors).

Figures 5-7 show that the performance of the sliding con-
troller is very good. At higher g (around 9 g), actuator satura-
tion becomes significant. )

IV. Dual Sliding Surface Design

In Sec. III it was shown that the zerodynamics can be
dictated to a large extent through output redefinition. This
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was necessary because of the given specifications on two inde-
pendent variables while tracking a single output. One can do
better than merely specifying the zerodynamics, noting that
there are two inputs and that two specifications need to be
specified. One can define the variables to be tracked as the
specification variables, namely, C* and g. The reference tra-
jectories for these variables are defined so as to achieve the
desired g pull up, while satisfying the specifications exactly (in
the absence of saturation effects). This is a simple way of
incorporating the specifications into the design phase itself.

Differentiating C* once and g twice, the input/output rela-
tionship can be written as:

C* fl(ayq: 69: 6_/‘) + Wl] - [ua:l
= J (4
|: q :I |:f2(01,q, 66’ 6]) + Wy + (a) uﬁf

where fi(«, g, 6., 67) and f(«,q ,6., &) are nonlinear functions,
and J(«) is a matrix made of nonlinear functions as its ele-
ments. The w; and w, are the disturbances acting on the
dynamics of each channel. This formulation of the distur-
bances assumes that matching conditions are satisfied by the
disturbances.

For invertibility, J(«) needs to be invertible. J(«x) can be
written as

To)= [gu glz]
821 822

where

gs
gn= |:q_ (Clée cosa + Cdée sina)
gm

gSe 1.
+22X c,,,se] 20
1L, g
qSc u
821=20 T‘ - Cmbe
w &

g, and g5, are similarly defined.
It is necessary that

8182 — 81282170
After simplifying, it is required that
[C@Cm,;f - (C,,stm,;e )] Cosa

+ [c,,,s,',c,mS ,—~(Cas,Cos, )] sina#0

The invertibility condition reduces to

Sil’l((binv + Ot) #0
where

A LG,/ Cins ) = (Cis,/ Crnsy)
= (Cas,/ Cme,) — (Cas,/ Crus,)

tang

One would like ¢;,, to be as close to 90 deg as possible. For the
aircraft considered, it is assumed that the coefficients with
respect to the control surfaces are constant, and ¢, =88.7
deg. Thus, again it is an invertible system.

There are two sliding surfaces of order 1 and 2, defined as
follows:

$i=C*-C}
S$=(@—qa) +N(q —qa)

One can consider the bounds on the model errors and the
disturbances by dealing with the bounds on each component
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of the model errors and disturbances as follows:
fi=fi+af;
Wi =W; + AW,
J=JU+67)
for i =1,2. Let
[Afi<ag
AW <t
8kl < Bk

for i, j, k =1,2. For invertibility, it is necessary that |67 ||< 1
(see the Appendix for details).

Proceeding with inversion, and by including sliding gains,
the following control is obtained:

[ ] I e )[ CF —fi(@,q 180 ) — (k1) sgn(Sy) ]
Us,. da =N (§—qu = folets, 8er ) — (ko) sgn(S2)

(16)

The sliding gains &, and &, are chosen as follows:
—1 P
(0-(-o) iz o) o
k ot oyt ifal

where B is the matrix {8;}, i/ =1,2.
This control ensures that (see the Appendix for the proof)

Slslﬁﬂxisli
SzSzﬂ‘ﬂziSzi

On the average, this ensures (without saturation)

S lav,S 1av=0
SZavsSZav =0
and C* = Cjand (¢—@Gs)+ N (q —q4)=0.
To prevent the high chatter associated with the preceding

control, replace the sign function with the saturation function
as in the single sliding surface design.

A. Desired Trajectories

It is necessary to design trajectories so that A,,,, — Zcommand at
steady state. At steady state A,/ =qu /g +cos(6). Thus,

Qdss= [gcommand - COS(G)] g/u
C;SS = (Vco +u)/u [gcommand - COS(O)]
Set

2
wqd
Q4= 5 e . 3
524 280,58 + Wiy s

2 *
* @cy

=2 2
$24+ 28 wets + W
ECd c ‘-')Cd

*
Cdss

where Wad> £,0 wcyy, and £, are chosen based on the specifica-
tions given for ¢ and C*. Thus, specifications are satisfied
exactly while achieving the desired g pull up.

The zerodynamics need to be stable, and in this case the
linearized zeros are —0.092 and 0. If the dynamics of the
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system are observed, one notes that the zero at the origin
comes from the presence of the dynamic relation §=gq [Eq.
(3)]. The only way 8 enters the dynamics of the other variables
is in w [Eq. (1)] through a cos(f) term, which is bounded for
all values of 6. Thus one can consider cos(d) as a bounded
disturbance term and proceed with the same analysis as before
and arrive at the conclusion that the system excluding 6 is
indeed stable—the eigenvalue corresponding to the zerody-
namics would be at —0.092. In particular, for bounded refer-
ences, all the state variables will be bounded.

Apart from having to be stable, the zerodynamics does not
need to have any special characteristics (like low damping,
etc.) because all the specifications have been satisfied.

In Sec. IV.A, the simulations show that this dual surface
design leads to a superior controller.

B. Simulations with Dual Sliding Surface Design

The same model was used as in the single sliding surface
case. The only change was in the controller. ,

Figures 8 and 9 show the performance for the same 3- and
6-g commands. Notice that the performance is significantly
better in that the controller is smoother while the spec1f1ca-
tions are satisfied exactly.

" In Fig..8, corresponding to a 3-g reference, note that the
response of the output A, ‘‘tracks’’ the desired trajectory for
the output A4, (a linear combination of the desired trajectories
of C* and q). Thus the specifications are satisfied completely.

One can also see that the control surfaces and their rates do
not saturate (see Fig. 9).
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=
2 4l 4
o ;
2k 3g's 1
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© 4 ‘\\ 6!'
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e e g g
2 2% 3g's 1
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g
o 4+ 4
Eb K 3g's
2L J
0 1 2 3
time (sec)

Fig. 8 Dual sliding surface design — response of the NLF, the ‘‘out-
puts” C* and g, and the angle of attack for 3- and 6-g commands.
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. Notice that the flaperon used (~ 9.5 deg) in this dual surface
design is higher than the flaperon (~0.75 deg) in the previous
approach (Fig. 7). This is because the previous approach speci-
fies How much of the flaperons are to be used without actually
looking at the dynamics of the pitch rate, whereas here no
restrictions on the flaperons are imposed other than a desired
pitch rate.

For the 6-g reference, note that perfect tracking of C* is
attained, but only good tracking of the pitch rate. The reason
for this is saturation of the controls (see Fig. 9). The flaperon
rate saturates at the start; and that manifests itself as a track-
ing error. In spite of the saturation, the performance specifica-
tions are satisfied.

Figure 10 shows the effect of model error and the use of
sliding control to eliminate it. The dotted lines show the per-
formance of the input/output linearization approach, whereas
the solid line shows that of the sliding approach. Notice that a
10% error in the aerodynamic coefficients in the controller
results in a definitely undesirable performance if input/output
linearization is attempted alone, while sliding control takes
care of it and makes the performance robust to such model
errors and disturbances. It is important to note in this context
that slldlng control is a special case of input/output lineariza-
tion; i.e., sliding control has additional terms that keep the
output close to the desired surface.
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Flg 9 Dual sliding surface design — control authority - time histories
of &, o, be and 6; The dash-dot lines show saturation limits.
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Fig. 10 Robustiess of sliding comtroller to model errors — response
of the dual sliding surface controller vs the dual surface linearizing
controller in the presence of a 10% error in each of the following
aerodynamic coefficients: Ciy, Cigy Cina, and Cng.

Y. Conclusions

This paper has investigated the usé of sliding controller
design for high- performance aircraft that can have significant
nonlinear dynamic behavior. Sliding control is essentially an
input/output linearization method with additional terms that
account for model errors. Since the resulting dynamics are

‘““nearly linear,”’ it is a straightforward procedure to incorpo-
rate performance specifications that are based on linear re-
sponsé, either in the time or frequency domain. The method of
generating .a desired reference trajectory that meets flying
quality specifications is similar to a model following ap-
proach, although it is important to note that a dynamic model
of the aircraft has not been used, but rather a simple second-
order, open-loop system to accept the pilots ‘‘step’’ g com-
mard and to generate C* and g trajectories that satisfy flying
quality specifications.

It has been assumed that all disturbances lie in the space
spanned by thé conirol vectors;. if not, the bounds on their
time rates of change must be éstimated to guarantee robust-
ness.

Two approaches were developed in this paper for a pitch-
plane flight controller. In the first approach, better zerody-
namics is achieved by output redefinition. A modified output
was defined that has minimum phase zeros and tracks the
original output at low frequencies.

In the second approach, twe inputs are used independently,
and by defining the specification variables as the variables to
be trdcked, one can incorporate the specifications directly into
the de31gn stage.

Though saturation is not seen to be important up to around
7 g, it does become important from then on and significantly
alters the performance around 9 g. An important consider-
ation in the future will be to design trajectories that have
minimal saturation. Adaptive controllers will also be included
in the future so that one can reduce unnecessary control au-
thority and thereby reduce saturation.

Appendix: Sliding Controller Robustness for the
Multi-Input/Multi-Output Systems
An expression is derived for choosing the sliding gains for a
multi-input/multi-output system such that the system dynam-
ics reach the sliding surface in finite time and stay there from
then on. This has been worked out so far only for single-in-
put/single-output systems.
The dynamics on the sliding surfaces can be written as

S=f+w+Ju (A1)
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where f is the n X 1 vector whose elements are a nonlinear
function of the states, the desired trajectory, and its deriva-
tives; w is the n X 1 vector representing external disturbances,
Jis.the n X n invertibility matrix, and « is the m x 1 vector of
inputs. This formulation assumes the matching condition on
the disturbances: If the plant dynamics can be written as

= *x)+g*@xu +v
where x is the state vector, f*(.), and g*(.) are nonlinear

functions of the state, u# the input vector, and v the effect of
the disturbances and the model errors, ¥ should satisfy

Let the control be
u=~-J"1(f+®+Kly) (A2)

where * represents the estimate of the variable *, K = diag (k,,
kayees k), ki =0 fori =1,..., n, and 1g is defined by
NVAN
NV
1,4 )

Sn/|Sn|

One can find k; so that the desired robustness properties are
obtained. With the control as in Eq. (19),

S=f-JIf —Jig (A3)

Let the estimates be related to the actual variables as follows:

f=F+af
W=+ Aw
J=+8sN)J

where 6J = {6J;;}, I, j = 1,..., n. Let the bounds be given by
IAW,I = Qi

|Af)] < ap
[8Jy =By
i, j =1,..., n. Define the matrix formed by 8; as B and the
maximum singular value of B to be 8. Using maximum singu-
lar value norms for matrices, one has
B =< max |6/ || (Ad)
It is assumed that one has sufficient knowledge of the
system, that whenever J is invertible J is also invertible. This
implies that 7 + 8J is invertible and
1= amin(1)>amax(6J) = ”51 ”
for all 6J. This implies, from Eq. (21),
B=|Bl<1 (A5)

Substituting the preceding relations in §

S=Af+Aw—8Jf — (I + 8N)K1g
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Premultiplying by ST and taking components

$:8; = Si(Af; + Aw;) = S; Elﬁfifj — |Silki — | Sil k8T
n /=

=S -—}1:¢ k;8J;S;/1S}]

J !

Or,
. n N n
S,'S,' = IS,l (af,- + oy + E]ﬁulf;l + ) E Bukj
j=
—ki(1—-84)

J=1#i

Therefore, one can choose

k(=)= ¥ ki =an+aw+ LM+ (A6
P

J=1#i
so that
S8 =n/s] (A7)
for i=1,..., n. Writing it concisely, it is sufficient that
(U—-B)K=vy

where K = [k,,..., k,]7, and as v is the vector whose ith ele-
ment is given by

n
o taw+ Elﬁulfﬂ +;
j=

- Now, (I—B) is nonsingular because 1=0yn(/)>0man
(B)=8. Thus choosing the sliding gains from

K=(I-B)ly (A8)

Eq. (23) is achieved, and therefore Eq. (24) is satisfied.
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